The effects of heterogeneity on one-dimensional, steady state infiltration are studied using numerical simulations where the soil hydrologic properties are assumed to be spatial stochastic processes. Analytical solutions to one-dimensional, steady state infiltration in heterogeneous soils are developed and applied to the stochastic random fields. The effects of spatial variability of parameters of an exponential unsaturated hydraulic conductivity model on the soil-water pressure profiles are examined. The amount of variation in pressure heads is found to vary with infiltration rates and mean pressure heads, while the cross-correlation between parameters is shown to have important influences on the value of the head variance. An inverse procedure is developed to determine the effective hydraulic conductivity parameters. The effective parameter is found to vary with mean pressures. Effective hydraulic conductivities and pressure head variances estimated from the numerical simulations were compared with those obtained from a spectral method by Yeh et al. (1985a, b, c) . A unit mean gradient approach was used to estimate the effective unsaturated hydraulic conductivity, and the result shows that this approach is adequate for heterogeneous soils.
INTRODUCTION
The spatial variability of soil hydrologic parameters has been recognized for years. Nielsen et al. [1973] and Stockton and Warrick [1971] showed that there is a large variation in hydraulic conductivity, moisture content, and other hydro- Gardner [1958] to investigate the spatial variability of unsaturated flow. They treated the spatially varying hydraulic properties of unsaturated media as stochastic processes and used a spectral technique to derive the variance of soil-water pressure head and the effective hydraulic conductivity of stochastic random media under steady state infiltration conditions. The result of their studies showed that the head variance was mean-dependent and increased with mean soil-water pressure head (i.e., the drier the soil, the larger the head variance). The effective hydraulic conductivity was shown to be a second-rank tensor and anisotropic. The anisotropy is, however, moisture-dependent (i.e., the ratio of the horizontal to the vertical hydraulic conductivity depends on the soil water saturation). Such a moisture-dependent anisotropy is different from classic infiltration theories which generally assume the soil to be either isotropic or anisotropic with a constant ratio. They also emphasized the importance of the spatial variability of the "pore size distribution parameter" of the exponential model in the analysis of unsaturated flow in heterogeneous soils. Mantoglou Although these laboratory and field results support the moisture-dependent head variance and anisotropy concepts, a quantitative verification of these concepts is needed. The analyses by Yeh et al. [1985a, b, c] and Mantoglou and Gelhar [1987a, b, c] are approximations which used the assumption that perturbations in flow equations for heterogeneous media were small so that mathematics in the analysis could be simplified. The small perturbation assumption has been shown to be robust in saturated media [Gutjahr, 1984; Ababou et al., 1988] . This assumption in unsaturated media is, however, subject to debate because the perturbation grows with the mean. For instance, the head variance increases as the soil becomes dry. Therefore it is necessary to assess the validity of the results derived from the perturbation analysis. Observations from many carefully designed field experiments are most appropriate, but these field experiments are generally rare. Numerical experiments are a possible alternative. 
METHODS

Hydraulic Conductivity
Knowledge of the hydraulic conductivity and soil-water pressure head relationship of a porous medium is required to study unsaturated flow in the medium. In this study an exponential model [Gardner, 1958] 
Generation of Random In Ks and a Fields
Because of the heterogeneous nature of soil formations and the lack of complete knowledge of the spatial distribution of hydrologic properties of soil formations, it is appropriate to represent the parameters In Ks and a as stochastic processes in space. Many field data [Greenholtz et al., 1988; Bakr, 1976; Russo and Bresler, 1980, Byers and Stephens, 1983] showed that these parameters are not entirely random but spatially correlated. Therefore statistical properties such as joint probability distributions, means, variances, and correlation functions of the two parameters are required to characterize their spatial variability. This statistical information, however, does not specify any single spatial arrangement of these two parameter values. That is, for a given set of the statistical information there are many possible realizations of spatial arrangement of the In Ks and a values. Therefore in order to produce a specific spatial arrangement of the soil hydrologic parameter values for the given statistics a one-dimensional random field generator was employed in this study.
The random field generator used here, capable of generating random fields with any given covariance function, is based on an algorithm formulated by Albano [1981] . This algorithm uses the spectral representation theorem [Lumley and Panofsky, 1964] spatial realization can be viewed as that of the ensemble. The 400 pairs of In Ks and a parameters (one value of In Ks and a for each layer) were considered a large enough sample size for the ergodicity theorem to apply. Since data collected in a field represent a single realization of a stochastic process, the analysis based on a single realization of In Ks and a processes in this study thus, in a sense, serves the purpose of testing the applicability of the stochastic results to field situations.
Analytical Solution
To determine the pressure head distribution in the generated random fields, an analytical solution was developed. For one-dimensional, steady state, vertical infiltration in a unsaturated homogeneous soil the specific discharge is given by q: -K(½) •zz + 1
where a negative q represents infiltration. If the hydraulic conductivity and pressure head relationship is assumed to be described by (1), by integrating (7) [Bear, 1972 ] the soilwater pressure head becomes
½=-ln exp[-a(z-½0)]+•sseXp(-az)-
where z is the elevation, $0 is the prescribed head at z = 0, and q is the flux at the land surface. Equation (8) The formation consisted of 400 layers. Each layer was assigned a pair of In K s and a values and was discretized into five homogeneous soil blocks. The flow regime was assumed to be one-dimensional. The upper boundary was set to be a prescribed flux boundary condition, and the lower boundary was a stationary water table (Figure 1 ). The parameters In Ks and a were assumed to be secondorder stationary stochastic processes with means F and A and perturbations f and a, respectively. Both In Ks and a processes were synthesized using the procedure discussed above. Since two random processes were considered, the relationship between these two random processes must be specified. However, field data pertaining to the relationship between the two parameters are rare. In this study, two extreme cases were analyzed: case I, where In Ks and a are perfectly correlated random fields, and case II, where In Ks in other words, • -< 0. For layered soils, (8) can be applied to the lowest layer first to obtain the pressure head at the interface between this layer and the overlying layer. Since flow is steady, continuity requires that the pressure head in the lower layer equals that in the upper layer at the interface. The pressure head distribution in the overlying layer can thus be evaluated by using (8) and the pressure head at the interface as the prescribed head O0 at the lower boundary of the overlying layer. Therefore using this procedure recursively, one can easily obtain the pressure profile distribution in a formation containing any number of layers.
Inverse Procedure
The effective hydraulic conductivity of the synthesized heterogeneous soil formation was derived by conceptualizing the soil formation as an equivalent homogenous medium. Under the same boundary conditions the equivalent homogeneous medium will discharge the same amount of flux as the heterogeneous one. It follows then that the K-½ relationship of this equivalent homogeneous medium is the effective K-½ relationship of the heterogeneous medium. For simplicity, this effective hydraulic conductivity and pressure relationship is assumed to be exponential, as in equation (1 Note that variability in head is minimal near the water table in both cases. This can be attributed to the capillary fringe effect. It is also found that the pressure head in both cases tends to be normally distributed.
Before explaining the results of the pressure head profiles in cases I and II, it is necessary to examine the physical situation that cases I and II represent. An alternative of the inverse procedure for determining the effective In K-$ relationship is a unit mean gradient approach. This approach can be applied here because the mean head profiles in the large part of the soil formation were close to the unit gradient condition (Figures 4 and 5) . Under the unit gradient assumption the hydraulic conductivity equals the infiltration rate at the corresponding mean pressure head. These pairs of hydraulic conductivity and mean pressure head values thus define the effective In K-$ relationships for both cases, and they are plotted in Figure 8 obtained from the unit mean gradient approach. For case II the effective hydraulic conductivity determined by the stochastic formula and the parameters estimated from the 2048 series, however, deviates substantially from that determined by the unit mean gradient approach. Interestingly, as shown previously, the parameter values estimated from the 2048 series gives a better result in terms of head variances. The discrepancy can be attributed to the fact that the head variances in case II are much greater than those in case I. The exponential generalization used in the spectral method [Yeh et al., 1985a ] to derive the effective hydraulic conductivity may fail at these large variances [Poley, 1988] Table 2 tabulates the estimated & values for the six infiltration rates Figure 10 ). The stochastic results agree reasonably well with those obtained by the inverse procedure. Again, the discrepancy in case II is larger than in case I. This is again due to the larger head variance in case II than in case I. Errors due to extrapolating the hydraulic conductivity to large variances using the exponential approach in the spectral analysis thus become large. It is also interesting to note that both (15) 
